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The β-decay and electron-capture channels, which are not accompanied by the excitation of the
electron shell, are suppressed due to the nonorthogonality of the electron wave functions of the
parent and daughter atoms. The dominant suppression is due to the valence-shell electrons, which
are involved in the formation of chemical bonds with other atoms. A change in the chemical
composition of a substance leads to a significant change in the overlap amplitude. The core-shell
electrons are less sensitive to the environment and their overlap amplitude is more stable. The
suppression effect is evaluated for the electron capture with 163Ho and the 2β− decays with 76Ge
and 136Xe.
2Neutrinos are probably the most promising particles for uncovering new physics beyond the Standard Model because
of their extremely low masses and electroneutrality, which raises the question of whether neutrinos are Majorana
particles. The total lepton number is not conserved by the Majorana neutrinos. The violation of the total lepton
number is sought in the processes of neutrinoless 2β− decay, neutrinoless double electron capture (2EC) and others.
In the quark sector of the Standard Model, a similar fundamental role is played by processes with non-conservation
of the baryon number, such as proton decay, neutron–antineutron oscillations, etc. The laws of conservation of the
total lepton and baryon numbers are not supported by the local gauge symmetries of the Standard Model, and in a
more general context these conservation laws can be violated.
The amplitudes of neutrinoless 2β− decay and neutrinoless 2EC process, which are not accompanied by the exci-
tation of the electron shell, are proportional to the effective Majorana mass of electron neutrino and the overlap of
the wave functions of electrons of the parent and daughter atoms. The neutrino mass values that can potentially be
extracted from the experiment depend on the overlap of the electron shells.
In this paper we discuss the overlap effect in decays, accompanied by a change in the electric charge of the nucleus.
First, we present an estimate of the overlap amplitudes in a simple non-relativistic model without screening, where
explicit analytical expressions can be derived and a qualitative analysis of the effect can be made. Next, we generalize
the model taking into account the screening of the nuclear charge. The estimates indicate the dominance of the
contribution of the valence-shell electrons. We also consider a relativistic shell model based on the Dirac equation, in
which the effective charge of the nucleus is determined from semi-empirical data on the binding energies of electrons
at individual levels. The processes of electron capture with Ho [1] and 2β− decays of Ge and Xe [2, 3] are analysed.
Finally, we discuss the conditions under which the overlap of electron shells affects limits on the effective electron
neutrino Majorana mass, implied by experiments on neutrinoless 2β− decays and 2EC processes.
The β−-decay and electron-capture processes are accompanied by a change in the nuclear charge by one or two units.
After decay, the electrons, which are initially in the stationary states of the parent atom, turn into a superposition of
the stationary states of the daughter atom. The probability of remaining in the ground state for the electron shell is
less than one.
In what follows, the atomic system of units is used, where the electron mass me = 1 and the Bohr radius a0 =
1/(αm) = 1. The standard separation of variables in the energy eigenfunctions of the non-relativistic Coulomb
problem gives
Ψnlm(r) = Z
3/2Rnl(Zr)Ylm(n), (1)
where Z is charge of the nucleus, n is the principal quantum number, l is the orbital angular momentum, m is its
projection, Ylm(n) is the spherical function. Rnl(Zr) satisfies the radial Schro¨dinger equation. The normalization
condition of the radial part takes the form
Z3
∫ ∞
0
r2drR2nl(Zr) = 1. (2)
This equation holds for any Z. Differentiating both parts of the equation by Z, we find∫ ∞
0
r3drRnl(Zr)R
′
nl(Zr) = −
3
2Z4
. (3)
The overlap amplitude of the electron wave functions with the identical quantum numbers for atoms with the nuclear
charges Z and Z ′ = Z +∆Z can be written as follows
Onl =
∫ ∞
0
r2drZ3/2Rnl(Zr)Z
′3/2Rnl(Z
′r). (4)
The overlap amplitude Onl determines the amplitude of finding the electron in its initial state after the decay. We
confine ourselves to the case of Z ≫ 1, which covers medium-heavy and heavy atoms of experimental interest.
Decomposing the left side in a power series of ∆Z/Z to the second order, one gets
Onl =
∫ ∞
0
r2drZ3/2Rnl(Zr)
(
1 + ∆Z
∂
∂Z
+
1
2
∆Z2
∂2
∂Z2
+ . . .
)
Z3/2Rnl(Zr). (5)
The second-order derivative term can be removed using the radial Schro¨dinger equation, the normalization condition
and Eq. (3). The first-order derivative term vanishes because of the condition (3). The first term in parentheses gives
the normalization. As a result, we obtain
Onl = 1 +
1
2
(
−
3
4
+ l(l + 1)− 2Z 〈r〉 +
1
n2
Z2
〈
r2
〉) ∆Z2
Z2
+ . . . ,
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FIG. 1. Survival probability K2Z of the electron shell in β
− decay and electron capture (upper curves with ∆Z = ±1) and 2β−
decay and double-electron capture (lower curves with ∆Z = ±2) as a function of the nuclear charge Z. Dash-dotted curves are
calculated based on Eq. (10). Dashed curves are constructed using Eq. (9). The solid curves take into account the screening
effect. The squares indicate survival probabilities of core-shell electrons in the electron capture with Ho and in the 2β− decays
with Xe and Ge, calculated on the basis of the relativistic model.
where the average and rms radii are given by (see, e.g., [4])
Z 〈r〉 =
3n2 − l(l + 1)
2
,
Z2
〈
r2
〉
= n2
5n2 + 1− 3l(l+ 1)
2
.
Finally, we obtain
Onl = 1−
1
8
(
1 + 2n2 − 2l(l+ 1)
) ∆Z2
Z2
+ ... (6)
The condition O2nl ≤ 1 and the continuity in Z are compatible only with the quadratic dependence in ∆Z and the
negative second derivative of Onl.
The overlap amplitude in the electron capture in 67Ho for the states n = 1, 2, 3, 4 and l = 0 equals Onl = 0.999916,
0.999749, 0.999470, and 0.999081, whereas relativistic calculations based on the Dirac-Fock code of Ref. [5] yield
0.999910, 0.999716, 0.999389, and 0.999332, respectively. The overlap amplitude for n = 2, 3, 4 and l = 1 is Onl =
0.999860, 0.999582, and 0.999192, whereas Ref. [5] gives 0.999801, 0.999563, and 0.999524, respectively. The variance
does not exceed 3 · 10−4.
We limit ourselves to the case of atoms with completely filled outer shells. This condition gives the following
relationship between the nuclear charge and the principal quantum number nZ of the outermost occupied shell
Z =
nZ∑
n=1
n−1∑
l=0
l∑
m=−l
∑
σ=±1/2
1 =
nZ(nZ + 1)(2nZ + 1)
3
, (7)
where the summation is carried out by spin projection σ = ±1/2, the angular momentum projection m, the angular
momentum l, and the principal quantum number n.
4The complete overlap amplitude can be found by multiplying the overlap amplitudes of all the occupied levels with
the principal quantum numbers ≤ nZ :
KZ =
nZ∏
n=1
n−1∏
l=0
l∏
m=−l
∏
σ=±1/2
Onl, (8)
where the products account for the structure of the electron shell, whereas the screening of the nucleus by the
surrounding electrons is neglected. In the processes of electron capture, one or two vacancies are formed in the
electron shell. Since Onl are very close to unity, this kind of electron shell distortion can be neglected. The product
can be evaluated with help of the fact, that for small ǫ,
∏
k
(1 + ckǫ) ≈ exp
(∑
k
ckǫ
)
,
which gives
KZ ≈ exp
(
−
3(n2Z + nZ + 3)
40Z
∆Z2
)
. (9)
Equations (7) - (9) are valid for Z corresponding to integer values nZ . We analytically continue the overlap amplitude
to arbitrary Z. In the limit of large Z,
KZ ≈ exp
(
−
35/321/3
80
∆Z2
Z1/3
)
. (10)
Equation (10) implies that the electron capture in 67Ho with ∆Z = −1 is not accompanied by the excitation of the
electron shell with the probability of K2Z ≈ 0.95. In the 2β
− decay of 32Ge, the survival probability equals K
2
Z ≈ 0.75.
Let us discuss the effect of screening. Electrons with the principal quantum number n move in the Coulomb
potential with an effective charge Zeff ≈ Z−Zs, where Zs is the number of electrons at lower shells with the principal
quantum numbers 1...n−1. Zs is given by Eq. (7) with nZ replaced by n−1. Accordingly, in Eq. (6) it is sufficient to
make a substitution Z → Zeff . The overlap amplitude (8) with the effect of screening taken into account is computed
in terms of special functions, however the final expression is quite cumbersome, so we focus on numerical estimates.
The solid curves in Fig. 1 give the total survival probabilities for ∆Z = ±1 and ±2 as functions of the nuclear charge
Z; the estimates (9) and (10) are also shown.
Taking into account the screening, the overlap amplitude in the electron capture in 67Ho for n = 1, 2, 3, 4 and l = 0
equals Onl = 0.999916, 0.999733, 0.999269, and 0.997287, while for n = 2, 3, 4 and l = 1 it equals Onl = 0.999852,
0.999422, and 0.997616. The difference with the calculations of Ref. [5] is below 10−4 for n ≤ 3 and 2 ·10−3 for n = 4.
The overlap amplitude (6) decreases with increasing n. The partial summation over the spin projection, the
projection of the orbital angular momentum, and the orbital momentum gives
n−1∑
l=0
l∑
m=−l
∑
σ=±1/2
(Onl − 1) = −n
2(n2 + 2)
∆Z2
Z2
.
The contribution of a single shell increases as ∼ n4/Z2. The screening of the nuclear charge also plays an important
role. If Zeff is a screened charge for electrons with the principal quantum number n, then the contribution to the
total overlap amplitude turns out to be enhanced as ∼ n4/Z2eff > n
4/Z2, which may cast doubt on the validity of the
expansion in ∆Z/Z. The effect of the valence shell deserves special attention.
The use of analytical expressions for the electron wave functions has certain advantages for realistic treatment of the
effect, because analytical methods suffer only from systematic errors. A fairly accurate treatment can be made on the
basis of the relativistic Dirac equation in a Coulomb field by determining the effective nuclear charge for each electron
level separately from the known semi-empirical values of the electron binding energy [6]. This approach was used
earlier to calculate the energy of the Coulomb interaction of electron holes for the neutrinoless 2EC problem [7]. We
consider the cases of electron capture in Ho and 2β− decays of Xe and Ge. Using the known electron binding energies,
the effective charges of the parent and daughter nuclei are calculated for each electron level and then substituted into
the relativistic energy eigenfunctions of electrons in the Coulomb field. The overlap amplitude
Onjl =
∫ ∞
0
r2dr(fnjl(Z, r)fnjl(Z
′, r) + gnjl(Z, r)gnjl(Z
′, r)), (11)
5TABLE I. The overlap amplitudes Onjl for individual electron levels with quantum numbers n, j, and l based on the relativistic
shell model for the electron capture in Ho and the 2β− decays of Xe and Ge. The electron binding energies ǫ∗ from Ref. [6] are
given in keV for solid systems referenced to the Fermi level, except for Xe where ǫ∗ are given for vapor-phase systems referenced
to the vacuum level. Zeff is the effective nuclear charge determined from the Dirac equation.
n2jl
67Ho
ǫ∗ Zeff
66Dy
ǫ∗ Zeff
Onjl
54Xe
ǫ∗ Zeff
56Ba
ǫ∗ Zeff
Onjl
32Ge
ǫ∗ Zeff
34Se
ǫ∗ Zeff
Onjl
110
210
211
231
310
311
331
332
352
410
411
431
432
452
453
473
510
511
531
55.6177 62.17
9.3942 51.35
8.9178 50.09
8.0711 48.52
2.1283 37.17
1.9228 35.36
1.7412 33.85
1.3915 30.28
1.3514 29.88
0.4357 22.57
0.3435 20.05
0.3066 18.97
0.1610 13.75
0.1610 13.76
0.0037 2.09
0.0037 2.09
0.0512 9.70
0.0203 6.11
0.0203 6.11
53.7885 61.20
9.0458 50.43
8.5806 49.17
7.7901 47.67
2.0468 36.46
1.8418 34.62
1.6756 33.21
1.3325 29.63
1.2949 29.25
0.4163 22.07
0.3318 19.71
0.2929 18.55
0.1542 13.46
0.1542 13.46
0.0042 2.22
0.0042 2.22
0.0629 10.75
0.0263 6.95
0.0263 6.95
0.99987
0.99956
0.99975
0.99980
0.99906
0.99910
0.99930
0.99959
0.99960
0.99784
0.99890
0.99810
0.99878
0.99878
0.99549
0.99549
0.93362
0.90411
0.90415
34.5644 49.54
5.4528 39.51
5.1037 38.25
4.7822 37.41
1.1487 27.43
1.0021 25.63
0.9406 24.91
0.6894 21.33
0.6767 21.15
0.2133 15.82
0.1455 13.07
0.1455 13.08
0.0695 9.04
0.0675 8.91
0.0136 4.99
0.0033 2.46
0.0033 2.46
37.4406 51.49
5.9888 41.35
5.6236 40.10
5.2470 39.17
1.2928 29.08
1.1367 27.28
1.0622 26.47
0.7961 22.92
0.7807 22.72
0.2530 17.22
0.1918 15.00
0.1797 14.53
0.0925 10.43
0.0899 10.28
0.0291 7.31
0.0166 5.52
0.0146 5.18
0.99933
0.99740
0.99845
0.99863
0.99156
0.99243
0.99304
0.99546
0.99553
0.97004
0.93194
0.96003
0.94724
0.94702
0.28390
−0.36197
−0.34383
11.1031 28.41
1.4143 20.32
1.2478 19.09
1.2167 18.90
0.1800 10.90
0.1279 9.19
0.1208 8.93
0.0287 4.36
0.0287 4.36
0.0050 2.42
0.0023 1.64
12.6578 30.31
1.6539 21.96
1.4762 20.76
1.4358 20.53
0.2315 12.36
0.1682 10.54
0.1619 10.34
0.0567 6.12
0.0567 6.12
0.0120 3.76
0.0056 2.57
0.99832
0.99303
0.99553
0.99570
0.96272
0.96516
0.96031
0.90397
0.90398
0.36980
0.41864
with fnjl and gnjl being the radial functions of the bispinor components, is calculated numerically without resorting
to the expansion in ∆Z/Z. The overlap amplitudes are presented in Table 1; the corresponding electron energies and
the effective nuclear charges are also given.
The estimates reported in Table 1 also demonstrate the valence-shell dominance in KZ . Since valence electrons
participate in bonding and collectivize in metals, their effect is least controlled. A straightforward calculation including
the valence shell yields K2Z = 0.28, 2.8 × 10
−9, and 3.8 × 10−5 for Ho, Xe, and Ge, respectively. The extremely low
probability for Xe can be partly due to the unaccounted difference between the Xe and Ba phases, for which the electron
binding energies are known [6]. The core-shell electrons survival probabilities are less affected by the environment. A
similar calculation gives K2Z(n ≤ 4) = 0.81 for Ho, K
2
Z(n ≤ 3) = 0.79 for Xe, and K
2
Z(n ≤ 3) = 0.07 for Ge. These
values are shown in Fig. 1.
The amplitudes of neutrinoless 2β− decay and neutrinoless 2EC process are proportional to the effective electron
neutrino Majorana mass
mββ =
∑
i
U2eimi, (12)
where Uαi is the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) mixing matrix and mi are the masses of diagonal
neutrinos. The study of cosmic microwave background anisotropies by the Planck Collaboration yields
∑
imi < 0.12
eV [8]. Given the electron shell remains in the ground state, the decay amplitudes are proportional to KZmββ.
Exotic interactions beyond the Standard Model can modify the mass of neutrinos in nuclear matter, so the effective
electron neutrino Majorana mass observed in 2β− decays and 2EC processes may differ from the vacuum value [9].
A similar effect arises from the supersymmetric generalizations of the Standard Model [10, 11].
The collaborations GERDA [2] and KamLAND-Zen [3] from searching the neutrinoless 2β− decay with 76Ge and
136Xe give restrictions on the effective electron neutrino Majorana mass: |mββ| < 120− 260 meV and 61− 165 meV,
respectively, by taking into account uncertainties in the nuclear matrix elements and for the unquenched axial-vector
coupling gA = 1.27. Calorimetric detectors for 2β
− decay and electron capture measure the total released energy, in
which case the smallness of KZ can be compensated by contributions of channels associated with the excitation of
the electron shell. In the measurements of the invariant mass of two β electrons, the factor KZ is significant provided
the experimental resolution is 10 eV or higher. If this strong requirement is not met, the channel in question cannot
be distinguished from channels with excited electron shells. The nonorthogonality of the electron wave functions
introduces additional uncertainties in the upper limit estimate for the effective electron neutrino Majorana mass,
however, it is difficult to reliably estimate these uncertainties due to the many-electron character of the problem.
6The experimental limits for the neutrinoless 2EC half-lives are weaker as compared to the neutrinoless 2β− decay.
One of the best such limits is obtained for the 40Ca →40Ar decay: T 0ν2EC
1/2 > 1.4 × 10
22 years [12]. Interest in
neutrinoless 2EC can increase provided a resonance case is identified [7, 13]. A 2EC channel in which the daughter
atom inherits the valence shell of the parent atom is not necessarily dominant. The excitation of the valence shell
has a strong effect on the overlap amplitude, while it is not associated with the absorption of a significant amount of
energy. The typical binding energy for valence electrons is about 10 eV. The resonance condition for the neutrinoless
2EC process is determined by the natural width of the electron shell, which has a similar magnitude. Transitions
to excited states of the valence electrons do not strongly violate the 2EC resonant condition but increase KZ . The
core-shell overlap amplitude provides the upper limit of KZ . The experimental Ho samples, which are used to study
single-electron capture, are in the metallic phase, in which the collectivization of valence electrons complicates the
estimation of the overlap amplitude. The same observation applies to any electron capture experiments using a
substance in the metallic or liquid phase.
The authors are indebted to F. Danevich for the discussion of experimental limitations in the β-spectrum measure-
ments. This work is partially supported by RFBR Grant No. 18-02-00733.
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